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1 Introduction
Central Banks' unconventional measures (extremely low interest rate, neg-
ative deposit rate and asset purchasing programs) after the ﬁnancial crisis
and during the euro crisis have changed the interest environment drastically.
For some years, interest rates in Europe have been much lower than the min-
imum level before the crises. For example, German government bond yields
and euro swap rates were negative even to ﬁve years maturity in spring 2015.
The situation has been challenging for investors, but also for ﬁxed income
models.
Standard pricing models of ﬁxed income derivatives as well as models
describing the variation of ﬁxed income markets based on implicit volatil-
ity are founded on Black's (1976) seminal paper. Black's model assumes
a lognormal distribution of underlying security and constant volatility. At
least two problems in Black's model have been unveiled during the last years'
unforeseen market situation. Negative rates are not possible in the case of
lognormal distribution. Log-moneyness log(F/K) is deﬁned when forward
rate F and strike rate K are positive. Also, it is not reasonable to apply
arbitrage pricing, the standard tools for building ﬁxed income models, to
negative interest rates. This very intuitive fact is formulated e.g. in Rady
and Sandmann (1994).
On the other hand volatility modelling is problematic in the case of low
but positive rates, because volatility measured in percent is high although
the changes in the basis points are modest e.g. in eurozone in May 2015. The
rates increased fast from an extremely low level and the variation measured
by the standard Black model's implied volatility was large. (The 10-30 bps
in day changes of Bund have been vast measured in percent.)
Practitioner's have two of straightforward ways to solve the problem of
negative rates: to use displaced log-normal distribution or to use a normal
distribution instead of a log-normal distribution. The ﬁrst approach has been
used to capture the skew eﬀect in markets and it also gives a very easy way
of handling negative rates. It has not received much support in academic
literature. E.g. Lee and Wang (2011) have seen it useless for explaining
volatility skew and not used it as an independent pricing model but as an
approach to reduce variation when other models have been used. Gatarek
(2003), Brigo et al. (2004) and Errais (2004) use a displaced geometric
Brownian motion with uncertain parameters method to model forward rate
dynamics.
Another means of handling low or negative rates is to use Bachelier's over
100 years old option formula as a base for option pricing. It assumes that
stock prices adhere to an arithmetic Brownian motion. It is not perfect for
stock option pricing because the prices are not limited to the non-negative
but it is useful for ﬁxed income in an environment where negative values are
possible.
Lognormal price processes are a usual but unrealistic assumption in ﬁ-
nancial market modelling. The assumption of log normal returns makes cal-
culations easier, but it is questionable in the empirical sense, both in stock
and bond markets. Extensions of the standard log-normal model (Black and
Scholes 1973) have often been applied to the problem of pricing stock deriva-
tives and later it is also used for ﬁxed income modelling. One of the main
reasons for reformulating the model has been the empirically noticed non-
constant implied volatilities for diﬀerent strike values, i.e. volatility smile or
volatility skewness. Since Black (1975), the problem of volatility smile has
been empirically noted in stock options.
The problem of skewness has three main roads to a solution: to use a
deterministic volatility function, to use a jump-diﬀusion process of underlying
security or to use a stochastic volatility function. All of these methods have
been applied to stock and ﬁxed income derivatives.
Local volatility models (Dupire 1994) describe the smiles or skewness of
option prices formulating volatility as a function of the underlying stock price
and time. It is simple to apply local volatility models to ﬁxed income pricing
problems. In a special case of a local volatility model, Beckers (1980) applies
constant elasticity of variance (CEV) to stock options and e.g. Andersen and
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Andreasen (2000) apply it to modelling of cap and swaption pricing. CEV-
models are also possible to generalize to stochastic volatility model. SABR
(e.g. Haag etc. (2002)) framework is the most frequently used in stochastic
volatility models.
Many studies have found strong empirical evidence that a pure lognormal
distribution cannot explain the behavior of stock or bond markets and stated
that is important to include also a jump part in the process when the de-
velopment of rates has been described. One of many, Johannes (2004) ﬁnds
that the role of jumps in continuous-time models of short interest rate are
both economically and statistically signiﬁcant. He emphasizes that jumps
are generated by the surprise arrival of news about the macroeconomy. In
the literature, there are also many extensions of the Black and Scholes model
based on jump-diﬀusion: Merton (1976), Naik and Lee (1990), Kou (2002)
etc. Andersson and Andreasen (2002) have applied the jump-diﬀusion model
to local volatilities in order to calibrate the option index data. Even though
jump-diﬀusion is a more realistic assumption it does not solve the problem
of skewness as e.g. Errais and Mercurio (2004) have noted. So, if the pur-
pose is to smooth the diﬀerent implied volatilities for strikes and diﬀerent
maturities, it is necessary to combine jump-diﬀusion for example with a local
volatility model.
Heath, Jarrow and Morton (1992) is a seminal paper of ﬁxed income
term structure models where dynamics of the short rate, bond rates and
forward rates were consistently formulated. There are also some examples
in literature where jump-diﬀusion in the bond market has been used in a
model, although academic papers about ﬁxed income with the assumption of
a more general process than lognormal are more unusual than papers about
stock models with e.g. jump-diﬀusion.
Björk et al. (1997) formulated a framework for a more general process.
They use a marked process framework for pricing ﬁxed-income securities ad-
hering to a jump process. The marked point process is a tool which eases
the handling of jump process. Glasserman and Kou (2003) also use marked
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point process theory and ﬁnd closed-form solutions for the prices of caplets
and swaptions. They solve no-arbitrage conditions for a jump-diﬀusion model
of the structure of simple forward rates. Glasserman and Kou (2003) build
models formulated purely in terms of simple forward rates and their param-
eterers.
The problem of theoretical ﬁxed-income models is that the instantaneous
short and forward rate cannot be observed in real life. Another approach, LI-
BOR market model is needed. Pioneer works in that area are Brace, Gatarek
and Musiela (1997), Jamshidian (1997), Miltersen, Sandmann and Soder-
mann (1997), Musiela and Rutkowski (1997).
This paper shows a straightforward method for ﬁnding the "implied volatil-
ities" of swaption when the process of swap rates are normally distributed
with jumps. The method is for modelling the variation in swaption data. It
combines the swaption pricing formula with normally distributed swap rates
and jump-diﬀusion formula. This model is suitable for the low-rate and high-
volatility environment, it is easy to implement and ﬁts clearly smoother with
data than the implied volatility model using Black's pricing method.
This paper focuses on risk-free interest volatility, but does not consider
defaultable bonds. The modelling and the considerations related to risk
management of risk-free rates are important for an institutional investor.
It is especially important for insurance companies because under Solvency
II regulations, it is required that the market value of technical provision is
calculated by using risk-less curve. This means that the variation of the
risk-free curve has a direct impact on the company's balance sheet.
The rest of the paper is structured in the following way. Section 2 de-
scribes the framework of interest modelling both in the instantaneous rate
and in the simple rate ground and basic instruments pricing. Section 3 con-
siders HJM framework and bond pricing under market point process. Section
4 describes carefully the practical implementation of the method and presents
the results of computation and ﬁnally, section 5 is for conclusion.
4
2 Basic ﬁxed-income instruments and term struc-
ture models
Heath et al. (1992) provides a uniﬁed methodology to the modelling of instan-
taneous interest rates expressed with continuous compounding and captures
the full dynamics of the short rate, bonds and forward curve. The so called
HJM methodology provides also a consistent framework for the valuation of
contingent claims related to interest rates.
The LIBOR market models are an extension of the HJM model. They
describe the behavior of the forward LIBOR rates underlying caps, ﬂoors
and swaption compounding period equals the tenor of the rate. The LIBOR
market model has been developed especially by Brace, Gatarek and Musiela
(1997), Jamshidian (1997), Miltersen, Sandmann and Sondermann (1997)
and Hull and White (1999).
As in the theory of stock pricing in generally, to ﬁnd arbitrage-free solu-
tion in the bond market can be formulated in terms of the existence of a suit-
ably deﬁned martingale measure. In the HJM framework, the arbitrage-free
condition is that the drift coeﬃcient is uniquely determined by the volatility
coeﬃcient and a stochastic process which can be interpreted as the market
price of the interest-rate risk. (Heath et al. 1992, Musiela and Rutowski
1997)
2.1 Pricing basic instruments in HJM and in Libor mod-
els
The price of zero-coupon bond with T -maturity and principal one at time t
is
P (t, T ) = e−
∫ T
t r(u)du.
The continuously compounded forward rate F is deﬁned by
e(T−S)F =
P (t, S)
P (t, T )
,
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where t < S < T. Heath and al. (1992) assumes that the term structure
movements follow Brownian motion. Then the dynamics of the forward rate
is:
df(t, T ) = α(t, T )dt+ σ(t, T )dWt (2.1)
i.e.
f(t, T ) = f(0, T ) +
∫ t
0
α(t, T )du+
∫ t
0
σ(t, T )dWu
where Wu is Brownian motion. The instantaneous forward rate at time t is
deﬁned by
f(t, T ) = −∂lnP (t, T )
∂T
.
The spot rate at time t is ∀t ∈ [0, T ]
rt = limh→0
1− [P (t, t+ h)]
P (t, t+ h)h
= f(t, t).
The simplest log-normal model would be case where α = 0 (no drift, in Black
(1976)) which is not arbitrage-free.
The conditions for non-arbitrage (HJM drift condition) is the process of
α depends on σ and it must satisfy
α = σ(t, T )
∫ T
t
σ(t, s)ds,∀t. (2.2)
The drift coeﬃcient in the dynamics of the instantaneous forward rate is
uniquely determined by the volatility coeﬃcient σ(t, s) in (2.2) and a stochas-
tic process which can be interpreted as the market price of the interest-rate
risk.
In the HJM framework, bond prices and rates cannot be log-normal simul-
taneously. If bond prices are log-normal, continuously compounded interest
rates must be normal (see discussion in Miltersen et al. (1997).
Using Libor market models (e.g. Brace et al. (1997),Brace and et.
(1997), Jamshidian (1997), Miltersen et al.(1997), Musiela and Rutkowski
(1997)), the modelled quantities are a set of forward rates (i.e. forward
LIBORs), which are directly observable in the market, and whose volatilities
are naturally linked to contingent claims. Then forward rate is modeled by a
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lognormal process under its forward measure, i.e. a Black model leading to
a Black formula for interest rate caps. This formula is the market standard
to quote derivative prices in terms of implied volatilities.
Forward LIBOR rate L1, L2, ..., LM is the function of bond prices. The
so called simple or LIBOR forward rate L in the next equation is practically
important:
1 + (T − S)L = P (t, S)
P (t, T )
↔ L(t, S, T ) = P (t, T )− P (t, S)
(T − S)P (t, T )
When the collection of settlement dates 0 < T0 < T1 < ... < Tn, referred
to as the tenor structure.
Then forward rates are related by
P (t, s+ nδ) = Πn−1i=0
1
1 + δL(t, s+ iδ)
where δ = Ti+1 − Ti.
An interest rate swap is a contract between two parties for exchanging a
ﬁxed rate of interest and a ﬂoating rate of interest. Under a forward swap, the
parties commit at some time t < Tn to enter into a swap rate over [Tn, TM+1]
The forward swap rates can be expressed in terms of 0-coupon bond prices:
Sn(t) =
P (t, Tn)− P (t, TM+1)
Am,n(T )
(2.3)
where
Am,n(T ) = Σ
n
j=1δjP (t, Tj).
Another of expressing the swap rate is to use a linear combination of
consecutive forward rate (Errais et al. (2004))
Sn(t) = Σ
M
j=n+1ωj(t)L(t, Tj), where ωj =
δkP (t, Tj)
ΣMh=n+1δhP (t, Th)
.
Lognormal swaption pricing model. Black (1976) expresses a pricing
model for swaption when future price is lognormally distributed. The payer
swaption gives the right for an owner to pay a ﬁxed rate and receive a ﬂoating
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rate of the underlying swap. At the expiry, the value of the payer swaption
is
δΣM+1j=n+1Bj(T )max(Sn(T )−K, 0) (2.4)
and swaption is an option on a swap rate.
Its price at time t = 0 is
CBL(S, T ) = RNn
∫ ∞
−∞
(Sne
−σ2T
2
+σ
√
Tx −K) + 1
σ
√
pi
e
−x2
2 dx (2.5)
= RNn (t){SnΦ(d1)−Ke−rTΦ(d2)} (2.6)
where Sn denotes the forward swap rate,K is the swaption's strike rate, RNn =
Σki=n+1αip(t, Ti) is the accrual factor, T is the time to maturity of the option,
N is the cumulative normal distribution function, and σ is the volatility of
returns of the underlying forward rate during the life of the option. Φ(y) is
the cumulative density function of standard normal distribution:
Φ(y) =
1
(2pi)1/2
∫ y
∞
e−
s2
2 ds
and
d1 =
log(Sn/K) + (σ
2/2)T
σT 1/2
and
d2 = d1 − σT 1/2.
Normal swaption pricing model. The ﬁrst option pricing model
which is based on Brownian motion was presented in the turn of the 20th
century by Bachelier. He assumed normal distributed stock prices (Bache-
lier (1900), Schachermayer and Teichmann (2008)). In the case of swaption
price, the forward swap rate is assumed to follow the stochastic diﬀerential
equation
dSn(t) = σadWt.
Then, the price of a payer swaption is
CB(S, T ) = σa
√
T (dˆΦ(dˆ) + φ(dˆ))RNn (2.7)
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where
dˆ =
Sn −K
σa
√
T
and Φ(y) is the density function of standard normal distribution:
φ(y) =
1
(2pi)1/2
e−
s2
2 ds
Non-constant volatility As noted earlier, there is uniform empirical evi-
dence that σ is not constant in K rather it is typical described by σ(T,K) =√
(
∫ T
0
v2(u, T,K)du). Implied volatility of Black model is given by σB(t, Sn(t), T,K)
and then the curve
K → σB(t, Sn(t), T,K)
describes the volatility smile (or sneer or skew) of the T-expiry swaption. The
swaption cube is a stardard way of showing how the swaption volatilities (or
prices) vary according to the swaption maturities, the tenors of the underlying
swap and the option strikes.
Merton's approach to swaption pricing when stocks follow a
jump-diﬀusion process Merton (1976, 1990) shows a simple extension for
Black Scholes (1973) stock option pricing formula where stock prices follows a
jump-diﬀusion process. It is straightforward to apply Merton's option pricing
model to ﬁxed income pricing and assume that forward rates adhere to the
process:
dL(t, T ) = −λL(t, T )dt+ σTL(t, T )dWt + L(t−, T )d(ΣNti=1(Yi − 1)) (2.8)
and the price of swaption is simply determined adding Poisson distributed
jumps to lognormal process:
CJ(S, T ) = Σ∞k=0e
−λT (λT )
k
k!
CBS
= Σ∞n=0
e−λT (λT )n
n!
RNn (t){SnΦ(d1)−Ke−rTΦ(d2)} (2.9)
where λ is the expected number of jumps and N the maximum number of
jumps.
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3 Modelling ﬁxed-income markets under marked
point process
As noted earlier, in point of empirical relevance jumps are necessary tak-
ing account ﬁxed income modelling. Björk et al (1997) consider the term
structure of bonds when rates follow a generated marked point process. It is
a convenient way of extending the Heath-Jarrow-Morton framework to the
jump-diﬀusion case. Glasserman and Kou (2003), Glasserman and Merener
(2003) brought together the marked point process and the Libor market
model and formulating a model in which jumps are driven by market point
processes with intensities that depend on the market rates.
3.1 Marked point processes
Glasserman and Kou (2003) investigate the term structure of zero coupon
bonds when interest rates are driven by jump-diﬀusion using general marked
point processes.
The formula of marked point process (MPP) is described through a se-
quence of pairs of times and marks {(τj, Xj), j = 1, 2, ...}. Potential jump
times τj are discrete values τ1 < τ2 < τ... < τn < τn+1 ∈ (0,∞). The marks
Xn ∈ [0,∞) are used to determine the sizes of the jumps at points τn. H is
a real-valued function of the marks and points: J(t) = ΣNtn=1H(Xn, τn) and
transforms the marks into a jump magnitude.
Each forward rate is associated with jump-size functions Hi, i = 1, ..., n
and deﬁned as J(t) = ΣN(t)j=1 Hi(Xn, τn). Nt is the number of points in (0, t] :
N(t) = sup{j ≥ 0 : τj ≤ t}. MPP (τj, Xj) admits an intensity process
υ(dx, t) interpreted as the arrival rate of marks in dx.
For the intensity, a condition holds that for all bounded h
Σ
N(i)(t)
n=1 h(Xn, τn)−
∫ t
0
∫ ∞
0
h(x, s)λ(dx, s)dts
is a martingale in t. In a simple but practically useful case of Poisson process
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points and marks are i.i.d random variables. Then intensity is
λ(dx, t) = λf(x)dx,
where λ is the Poisson parameter and f is the density function of the marks.
3.2 Term structure movements
While the previous subsection gave an intuitive description of marked point
processes, now a more precise formulation of the necessary assumptions is
shown. It holds during the rest of this section:
i)Locally risk-free: There exists an asset with the price process (account)
Lt = e
∫ t
0 rsds.
ii)Natural ﬁltration and stochastic basis: Filtration F = (Ft) is generated
by W and µ, i.e. Ft = σ{Ws, µ([0, s] × A), B; 0 ≤ s ≤ t, A ∈ E , B ∈ N}
where N is the collections of P-null sets from F . The basis is assumed to
carry a Wiener process W as well as a marked point process µ(dt; dx) on a
measurable Lusin mark space (E; E) with compensator υ(dt; dx).
iii)Intensity: The point process µ has an intensity λ, i.e. the P-compensator
ν has the form
ν(dt, dx) = λ(t, dx)dt
where λ(t, A) is a predictable process ∀A ∈ E.
iv) For all ﬁxed ω, t all the objects m(t, T ), v(t, T ), α(t, T ), σ(t, T ) and
n(t, T ) are continuously diﬀerentiable in T.
Heath et al. (1992) formulate the dynamics of ﬁxed income markets using
related diﬀerential equations for short rate, forward rate and bond price.
Björk et al. (1997) generalise the HJM framework to the case of marked
point processes:
Short rate dynamics is given by
dr(t) = a(t)dt+ b(t)dWt +
∫ ∞
0
δ(t, x, T )µ(dx, s)dts
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where
a(t) = fT (t, t) + α(t, t),
δ(t, x, T ) = −nT (t, x, T )/(1 + n(t, x, T )),
and
b(t) = σ(t, t).
The dynamics of the forward rate is:
df(t, T ) = α(t, T )dt+ σ(t, T )dWt +
∫ ∞
0
h(x, s)λ(dx, s)dts
where
α(t, T ) = υT (t, T )υ(t, T )−mT (t, T ),
δ(t, x, T ) = −nT (t, x, T )/(1 + n(t, x, T )),
and
σ(t, T ) = υT (t, T ).
and mT (t, T ) is partial derivative with respect to T. The dynamics of bond
price is:
dP (t, T ) = P (t, T ){rt + A(t, T ) + 1
2
S2(t, T )dt}+ P (t, T )S(t, T )dWt
+P (t−, T )
∫ ∞
0
h(x, s)λ(dx, s)dts
where
A(t, T ) = −
∫ T
t
α(t, s)ds,
S(t, T ) = −
∫ T
t
σ(t, s)ds,
and
D(t, x, T ) = −
∫ T
t
δ(t, x, t)ds.
In this formulation, the bond price process is "log-normal jump-diﬀusion"
process. As we know (e.g. Musiela and Rutkowski (1997) just one of three
processes can be log-normal and two other processes are normally distributed.
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3.3 Basic ﬁnancial mathematic tools in the case of marked
point processess
Björk et al. (1997) study how the general rules of asset pricing works with
marked point process in ﬁxed income market models and describe the in-
terrelations between the dynamics of the forward rates, the bond prices and
the short rate of interest in the case of jump-diﬀusion processes. They study
the absence of arbitrage and uniqueness of the martingale measure and their
relation to the completeness of the bond market. They also show a suitable
version Girsanov theorem in the case of marked point processes.
Non-arbitrage conditions for normally distributed swap rate
Glasserman and Kou (2003) show a condition in the case of marked point
processes. Following two theorems are necessary for swaption pricing under
jump diﬀusion process. Next theorem gives similar results when swap rate
follows process with normal distribution with jumps.
Theorem I For each n = 1,. . . ,M let θ(·) be a bounded, adapted, Rd-
valued process and let Gni, i = 1, . . . , r be deterministic functions from [0,∞]
to [−1,∞) . The model
dSn(t) = αn(t)dt+ θn(t)dWM+1(t) + dJn(t) (3.1)
where Jn(t) = Σri=1Σ
N(i)
j=1Gni(X
(i)) is arbitrage free if
αn(t) = α
0
n −
∫ ∞
0
Σri=1Gni(x)Kλ
i
M+1(dx, t) (3.2)
whereK = ΣM+1k=n+1Π
k
j=n+1(1+δSj(t−))[1+Gji(x)]/ΣM+1k=n+1Πkj=n+1(1+δSj(t−))
The theorem can be proofed following the proof of Theorem 3.1 in Glasser-
man and Kou (2003).
3.4 Option pricing under jump-diﬀusion process
Glasserman and Kou (2003) solve the price of the swaption when swap rates
adhere to the log-normal distribution with jumps. Next theorem shows cor-
responding formula in the case of normal distribution with jumps.
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Theorem II Arbitrage-free prices of payer swaption Suppose the
θn are deterministic. If there are constants λˆn and log-normal densities fn
which
Σri=1λ
i
n,M(dx, t) = λˆnfn(x)dx (3.3)
and
Σri=1Gni(x)λ
(i)
n,M(dx, t) = (x− 1)λˆnfn(x)dx (3.4)
where
λin,M(dx, t) = Kλ
i
M+1(dx, t). (3.5)
Then the time-t value of a payer swaption expiring at T > t for a swap
over [Tn, TM+1] is
CBJ(t) = Σ∞j=0e
−λˆn(T−t) (ˆλn(T − t))j
j!
CB(S(j)n (t), T,K, vj(t)
2, δΣM+1k=n+1Bk(t))
(3.6)
where [Tn, TM+1] where Sjn(t) = Sn(t)e
λˆn(T−t), vj(t)2 =
ρ2(t)+js2n
T−t ,ρ
2(t) =∫ T
t
θn(u)
2du and fn is the lognormal density of eN(log(1+mn)−
1
2
s2n,s
2
n)
If the price of a swaption is know using the previous method, it is easy to
solve numerically related implied variation as a function swaption price and
other parameters:
sn = σ
u(ρ, λ, S(j)n , K, δ). (3.7)
4 Numerical scrutinies for modelling volatility
At ﬁrst, this section describes brieﬂy the behavior of swap markets of spring
2015 in the environment of low rates and high volatility. Then a straight-
forward numerical example for model implied variation during that time has
been shown. The method uses the pricing equation of the previous section
(3.6) and the related expression for implied variation.
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Figure 1: Euro swap rates from May 2012 to May 2015
4.1 Low-rate high-volatility market environment
As noticed, extremely expansive monetary policy and the ECB's extraor-
dinary measures, i.e. quantitative easing and negative deposit rate, have
moved the interest curve extremely low. German government bonds' yields
were negative to 4-6 years maturity in 2015 and the yields of the other high-
rated euro-zone countries were not much higher. The ECB cut its deposit
rate for the ﬁrst time into negative territory in June 2014. The trend of the
euro swap rate was decreasing from the end of 2013 to spring 2015 as we can
see in Figure 1 which shows EUR swap rates during three years since 2015
May for half year, 2 year and 10 year swaps (source: Bloomberg information
service). The rates reached their lowest level in April 2015.
Figure 2 shows the implied Black (1976) model's volatilities for 01x20 and
10x10 from the beginning of 2013 to December 2015. The implied volatility
increased drastically during spring 2015. Similarly, the changes measured in
percent of German 10 years government curve were large. Since the ECB
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Figure 2: Implied Black volatilies in euro swap market
started a quantitative easing the yields of government has been fallen. When
the rates began to rise in May, the bounce measured in percent was high
because of a low starting level. The volatility surface of Black's model data
is shown in Figure 3. These are implied volatility values of EUR swap rate
at March 31, 2015, i.e. in the middle of the period of high interest-market
volatility. The money values of short tenors are high. Implied volatility
decreases when we go further out of the money. This is a standard situation
and it is similar for diﬀerent maturities but not surprising, the diﬀerences
between the strikes are much larger during the time of high volatility and
high-uncertainty.
Trolle and Schwartz (2014) studied broadly the empirical behavior of
variation in USD and EUR swap market in period between 2001 and 2010.
Among the several stylized facts which they noticed, they found strong sup-
port for large change in the skewness and kurtosis over time.
For example Lee and Wang (2011) and Trolle and Schwartz (2014) note
that empirical volatility skews are typically not monotonic over the entire
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Figure 3: Volatility surface using implied Black volatilities
range of strikes; a volatility skew which slopes downward in the central por-
tion of the strike range will usually still turn upward at suﬃciently large
strikes. The common explanation for reincreasing volatilities when maturity
is highly in-the-money or highly out-of-the-money is low liquidity of those
swaptions.
4.2 Consideration using implied normal-jump variation
This subsection shows a straight-forward approach to model variation in the
risk-free ﬁxed income market. As was noted in introduction, the use of normal
jump-diﬀusion based models is suitable in the market situation described in
the previous subsection. Using these models the problems of low rates and
high volatility can be handled.
For the example of this section the data of March 31st, 2015 has been
used. The swaption prices are quoted for ﬁve diﬀerent swap tenors (2, 5, 10,
20, and 30 years), for six diﬀerent option expiries (3 months and 1, 5, 10,
17
Figure 4: Values for normal jump-diﬀusion volatility parameter σu.
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20,and 30 years) and for eight degrees of moneyness deﬁned as strike minus
the forward swap rate (-100bps, -50bps, -25bps, ATM, 25bps, 50bps, 100bps
and 200bps). Black volatilities especially for short maturities and tenors, are
high as can see in Figure 5 in the appendix.
The parameters of model in equation (3.7) are the same for all maturity
and tenor combinations: λ = 0.075, a = −0.3 and b = 0.6. The values of
implied volatilities using equation (3.7) are shown in the Figure 4.
The values of Black volatility are shown in Figure 5. Diﬀerences between
strikes as well as between consecutive expiries and tenors are high. Implied
volatilities for rates near zero are highly sensitive. To apply these volatilities
to interest risk analysis is diﬃcult.
The implied volatilities of the normal-jump model are much less sensitive
and diﬀerences between consecutive values are modest. These more robust
values are also more applicable for risk analysis, e.g. for calculation of risk
measures. Figure 6 in the appendix shows the normal-jump implied volatility
values divided by forward swap rates times 100 which are easier to compare
to Black model's volatilities.
4.2.1 Local volatility ﬁtting
This subsection gives one obvious next step for the analysis of this section. As
Figure 4 shows the normal jump-diﬀusion model cannot explain the skewness
of volatility. This is a usual perception of jump-diﬀusion models.
The method for calibrating volatility skewness has been considered, e.g.
by Coleman et al. (1999), Andersen and Andreasen (2001), Benaim et al.
(2008). This example follows Coleman et al. (1999) and ﬁt model using an
ordinary least square method:
mina,bΣi(σ
u
i (K)− σˆui (K))2, (4.1)
where σu(K):s are volatilities for diﬀerent strikes. For σˆu(K) has been used
function aebK . The solutions have been found separately for diﬀerent expiry
and tenor. The function is extremely simple but it gives a reasonable good
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ﬁt. A more complicated function presented in Benaim (2008) gives a slightly
better ﬁt. The values for parameters a and b are shown in Figure 7 in the
appendix. The ﬁtted functions are possible to use for extrapolate to complete
the data.
5 Conclusion
The assumption of log-normality is typical for the HJM- and LIBOR- interest
models. This assumption provides three fundamental problems: it ignores
the jumps of underlying time series, it assumes constant volatilities and it is
unwieldy in the low (or negative) rate environment. This paper has presented
an approach to solving all those by combining the jump-diﬀusion model with
normality assumption and local volatility ﬁtting. This approach is the ﬁrst
to combine Bachelier's option pricing model and jump process presented in
in the literature.
This paper has focused on ﬁnd as simple as possible method to handling
those three problems. Much more sophisticated models using those elements
could be developed in the future.
6 Appendix
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Figure 5: Implied Black volatilities (source: Bloomberg)
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Figure 6: Ratios of normal jump-diﬀusion volatilities and forward swap rate
as percents
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Figure 7: Values for parameters a and b in section 4.2.1
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